Journal of Statistical Physics, Vol, 22, No. 6, 1980

Strong Coupling Expansion for Classical Statistical
Dynamics

Carl M. Bender,' Fred Cooper,’ Gerald Guralnik,® Harvey A. Rose,!
and David H. Sharp?

Received June 12, 1979, revised October 30, 1979

We discuss the simple, randomly driven system dx/dt = —pux — yx® + f(¢),
where f(¢) is a Gaussian random function or stirring force with (f(£)f(t")> =
F 8(r — t’). We show how to obtain approximately the coefficients of the
expansion of the equal-time Green’s functions as power series in (1/R)?",
where R is the internal Reynolds number (#y)* 2/u, by using a new expan-
sion for the path integral representation of the generating functional for the
correlation functions. Exploiting the fact that the action for the randomly
driven system is related to that of a quantum mechanical anharmonic
oscillator with Hamiltonian p2/2 + m?x2[2 + vx® + Ax%/2, we evaluate the
path integral on a lattice by assuming that the Ax® term dominates the action.
This gives an expansion of the lattice theory Green’s functions as power
series in 1/(Aa)! /3, where a is the lattice spacing. Using Padé approximants
to extrapolate to a = 0, we obtain the desired large-Reynolds-number
expansion of the two-point function.

KEY WORDS: Strong coupling expansion; damped, randomly driven
anharmonic oscillator; large-Reynolds-number expansion.

1. INTRODUCTION

Recently, a new method “~® related to the high-temperature series expansion
of statistical mechanics*-® has been developed for evaluating the path
integrals that arise in quantum field theory. For field theories with local
polynomial interactions of the form >7., A;.4%%, the method consists in
choosing Ay, to be a large parameter so that all terms in the exponential of the

action § = — f [(0.9)% + > Ap?*] d%x can be expanded except the local
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quantity exp(f dx A2m¢2’"). The resulting path integral is defined by intro-
ducing a Euclidean space-time lattice to obtain an expression for the generat-
ing functional as a power series in (a%A;,)~*/", where a is the lattice spacing
and d is the Euclidean dimension of the system. This lattice strong coupling
expansion must then be extrapolated to @ = 0 to obtain the continuum strong
coupling expansion of the Green’s function of the theory.

Since classical statistical dynamics can also be formulated in terms of
path integrals,”*® we thought it interesting to see whether this new technique
was useful for evaluating the correlation functions of classical systems driven
by white noise.

In general we would like to study systems described by a set of dynamical
variables ¢,(¢) which satisfy an equation of motion of the form

$olt) = fot) + A((), 1) (1.1

where the f,(¢) are random functions usually referred to as stirring forces. If
f(¢) is a stirring force with Gaussian statistics, then it is described by a joint
probability functional

P[f] = Nexp[——% f: dt dt’ £.(2)S,s(2, t’)fB(t')] (1.2)
with
[RRGESE
From Eq. (1.2) one finds that
Sy = | 2f0r11 =0
and
SO = [ SOOI = S, 1) 1.3)

where 2f indicates functional integration. In particular, for white noise one
has
Saitt, t) = F 8(t — t) 1.4

To determine the correlations in ¢ resulting from the statistics of the
forcing term, one considers®

als(t')) = [ P WP L1 2f

e

= | wlsiuIPLAD) det] 5 | 2 (.5
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where f,() = ¢, — A, and

det 88—@ = exXp [Lj (Tr In ;ﬁ:‘;) dt]
= exp[—% f: %{%H dt] (1.6)

Thus, for the case of Gaussian statistics, the correlation functions for classical
statistical dynamics can be generated by the functional

zin =N [ 94 exp{—A[e,b] + ft w M) dt} .7
where
A =g [ [ B~ A1t 1)
X alt) = Ad)] + 5 f dr Z/‘/}((:)) (1.8)
For the case of white noise, the expression for A[] takes the simpler form
=4[ (= MO8, 220) 09

When A,() is a polynomial in $(¢), the action 4[] is similar to that of a self-
interacting quantum Sfield theory.

In this paper, the formalism outlined above will be applied to study a
simple one-dimensional system described by the equation

dxjdt = —pux — yx® + f(¢) (1.10)
where n and y are constants, y > 0, and f(¢) is a Gaussian process with
=0, SOy =F3-1) (111

This model may be regarded as a heavily damped, driven anharmonic oscilla-
tor with the inertial term d2x/dt2 neglected.

This model provides a good testing ground for the strong coupling
expansion because its equal-time correlation functions {x™> can be calculated
exactly. To see this one introduces

(.0 = G0 = 2O = [ P8y - xe) 2 (L1D)
and notes that

[ P60y ay = f O"P(f) Of (1.13)
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Then, using the explicit form of P(f),

2(t
PN = Nexp[—- %dt] (1.14)
one can show that P satisfies the Fokker—Planck equation2
oP 6 2p
i [(My TP+ 5 F 5 (1.15)

whose time-independent solution is
P(y) = Nexp[—Q2[F)3uy? + 1yy*)] (1.16)
with
[Poray =1
Thus, in the steady state

N py: oy oyt
<y>—f_wy exp( Ea )dy/f dyexp( = 25;) (1.17)

In weak coupling perturbation theory one treats y as a small parameter and
obtains an asymptotic series for the equal-time correlation functions by
expanding Eq. (1.5) or Eq. (1.17) about the Gaussian:

F 2 (=D @F 20T (2n + 3/2)/n!
p 2 (= D"F 2p2)'T2n + 1/2)/n!
Using strong coupling perturbation theory, expanding about the quartic

term in Eq. (1.17), we obtain a sequence of approximations to the convergent
series for {y%):

oy = (Z)"2y3 202y F)ELG/A + n2)in!
o= ( ) V2 SRy + im0

Using Eqs. (1.7)~(1.11), we see that the action for the system described
by Eq. (1.10) is

OB =

(1.18)

A(x) = % ft " @t [~ 3yx°) + FNdxjdt + px + y3)]
+ In P(x(to), t) (1.20)

where P(x(%,), to) is the probability distribution function at 7 = #,. We notice
that in the strong coupling regime, it is useful to introduce the scaled variables
¢, 7, and v defined by

t=r/FP  x=WFE, v =p/(Fy =R (12D

2 A simple derivation of the equation and earlier references are found in Ref. 9.
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Integrating Eq. (1.20) by parts converts the terms in A that are linear in
dx/dt into boundary terms. We then restrict ourselves to times ¢ and ¢’ suffi-
ciently large so that all boundary terms can be neglected (i.e., we send ¢, to
—o0). This assumes that the path integral equation (1.7) is dominated by
paths whose times are not infinitely removed from ¢ and ¢’. Such an assump-
tion is reasonable in view of the stability of the undriven anharmonic oscillator
and the strict locality of the autocorrelation function of the driven anharmonic
oscillator. Thus we will focus our attention on the generating function for
correlation functions of the rescaled field :

Z[h] = f Dy exp{ —Al] + f_ : dr h(T)(p(T)} (1.22)
where
A=y [ ar [(%‘)2 -+ ) — 3¢2} (1.23)
It is clear that
x(t) - x(t)> = (F )V h(r1) (7)) (1.24)

where t, = T, /(Fy)Y2.

We notice that if we analytically continue Eq. (1.23) to = = i7, Eq. (1.23)
becomes the action of an anharmonic oscillator with quartic and sextic
anharmonicities. Thus the correlation functions of the randomly driven
classical system described by Eq. (1.10) are analytic continuations of the
Green’s functions of the appropriate quantum mechanical anharmonic
oscillator. We next discuss the strong coupling expansion for these Green’s
functions.

2. STRONG COUPLING EXPANSION ON THE LATTICE

Starting with the action given by Eq. (1.23), we obtain the formal
generating functional for all the connected Green’s functions by adding a
source term to the action and integrating over all paths (7). The functional

zi = [ awrew{-a + [~ aor} @D

generates the connected Green’s functions by functional differentiation. In
particular,
82 1In Z[h]
Sh(ry) 8h(ry)
The path integration 2[] is defined by introducing a time lattice
7, = na, where a is the lattice spacing. The integration over all paths f D[]

= (72> — P(r)<(72)> 22

h=0
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then becomes 1, f f’w df(r,), where we have broken the infinite interval
[—o0, c0] into an infinite number of lattice points cach separated by a
distance a. The integral over ¢(r,) is now an ordinary integral. On the lattice,
we have

© d T —
[ dreas, e orDos0 -
Thus,
2 =T1[ " autmexe{~@a)" 3 9)Gat40)
— a2 3 ) + PO pexp| ~a3 ¥ + )|
with
Gd-ijl = 28ij - 8i,j+1 - 8;‘,“—1 (2-4)

is the exact lattice generating functional. Once we evaluate Eq. (2.4) on the
lattice, we must take the lattice spacing to zero. We recognize that the
“potential energy” part of the action is local, so that Eq. (2.4) can be written

20 =T1[ a0 exp{ =5 090) + 240) + 0 + a4}

x exp[—(zarl > ¢(j)Gai}¢(k)] @.5)

where in our problem A = 1 and me® = —3 + »v2. To evaluate Eq. (2.5) in the
strong coupling regime, we assume A to be a large parameter. By a rescaling,
angs2 = y8 or (i) = (y/AV6)(2/a)"%, so it is clear that as A — oo all the
terms in Eq. (2.5) except exp(—»®) are to be expanded as power series in
(1/2)Y6. Thus we will first rewrite Eq. (2.5) as

Zl = exp[—(za)-l >a o7 G %@} Zo[h] 2.6)

where

Zolh] = H f: dy exp(—»°)
3G (2T

Z,[h] consists of products of sums of ordinary integrals which can be evalu-
ated. We find

Zoh] = [ T FIr®)] = exp 2, In F[A®)]
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where
FIHO] = 4o 3 st e

I\ e (= emig(m k201
Az’”‘?(ﬁ) Z,Zkl!kz(“”)““F 3 6

r = (2/ad)'B, u = —amyrf2 2.7
If we truncate Z,[/] at order r™, Z,[A] truncates at 42 and therefore only the
first mm terms in the expansion of the exponential in Eq. (2.6) contribute to
Zh] at A = 0. Thus the expansion in r is also an expansion in G4 *.%
From Z,[A] we can introduce the functional W [h] defined by

Wi = tn 22l 5= 2 2 L) Gy ), 2.8)

where the L,, are the connected n-point functions at zero internal and
external momentum.

Since the L,, are power series in r = (2/X)%/®, starting at r", one sees that
there are only a finite number of terms contributing to Z in order r”. In
particular, a given order r™ will contain exactly n — k/2 factors of G5! in a
particular k-point correlation function.

The lattice strong coupling expansion differs from the statistical mechani-
cal high-temperature expansion in the following way: The high-temperature
expansion takes the diagonal part of G5 * and adds it to the “mass’’ term of
the anharmonic oscillator, leaving a purely off-diagonal term Gg'. The
integrals for A,,, are then evaluated numerically for fixed lattice spacing, A,
and m,?. Finally, the series is written as an expansion in powers of G * with
exact numerical values used for the 4,, and thus also for the L,,. Since we
are ultimately interested in the continuum theory where the lattice spacing a
is taken to zero, it is important to know the explicit a dependence of our
expansion, which we obtain by analytically evaluating L,, in a strong
coupling series. The lattice expansion defines a series which is analytic in A~2/3,
The continuum theory, however, has a strong coupling expansion which is
analytic in A=, and it is necessary to extrapolate to a = 0 to obtain this
continuum strong coupling expansion. The problem studied in this paper
has X = 1, so we will also extrapolate from large A to A = 1.

We first compute the 2-point correlation function as a series in A~1/%,
We have

and

W) = PGP = Zza_/za(;)]%ag@

3 Expansion in the linear term G5, for a different kind of driving force in Eq. (1.10), has
proven useful. See Ref. 10.
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where
Z=cxp|—Qa)* z a? I Gowy 9
“~ oh(k) ~°* on(l)

x exP{z [(2n)!]"1a2"L2nh2"(i)} 2.9)

i
Remembering that Ly, ~ r", where r = (2/aX)*’3, we find, to order 3,

. 1({Ly ._ -
Wo(ij) = Ly — = = Ggidy + GaiLy?
al\2

11
b o2 [§GaLA + GaiLaLGa + LM, + S HuLaLs|
(2.10)
where
Gai =2, H; = Z G5iiGoij» H, =6
k
and
L, = Az/Ao, L, = (A4/Ao) - 3(142/1‘10)2
Lg = (Ae¢[Ao) — 15(As/Ao)(Az]/Ao) + 30(Az/4,)°
In the series for A, given by Eq. (2.7), only terms up to order r° are retained.
Rules for writing down the diagrammatic expansion for W, in terms of L,,
and G§! to any order in r* are given in Ref. 3. The first four orders are shown
in Fig. 1.
Fourier-transforming W,, we have

Wyw) = a 2 exp[—iw(m — Da] Wy(ml) @2.11)

One finds that the strong coupling series geometrizes, so that
WiHw) = 0? + 1/A(w?) (2.12)

where A(w?) is the Fourier transform of all the one-particle irreducible (in
Gy 1) diagrams. Evaluating W3 () in a strong coupling series, we find it has
zeros in the complex plane at
w? + [[A(®) =0

These are the poles in the anharmonic oscillator propagator (¢ — ia, w —
iP,) at .

—P2 + 1/A(-P?) =0 2.13)
Calling the first pole My, we find that the first three terms in the series (2.10)
lead to an equation of the form

M2a%r = ¢y + cor + cgr? + mo2a?(dir + dor?) + v(er? + er®) (2.14)
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Fig. 1. First four orders in the lattice strong coupling expansion of W, (i/). The solid lines
correspond to Gy * and the dots to the vertices Ly,, which are of order A~ /3,

which is a power series in » = (2/aA)*’® each term of which becomes infinite
as a — 0. Thus we must understand how M2 scales with A for large A in the
continuum so that we can define a meaningful extrapolation scheme. Equation
(2.14) is the lattice strong coupling expansion for the renormalized mass.

3. CONTINUUM STRONG COUPLING EXPANSION

Although the lattice expansion for Mjy contains three parameters
mg?/ A2, v[A%% and aAl’¢, the continuum expansion obviously does not con-
tain the last variable. To see what form M, takes, we make use of the fact
that M is an eigenvalue of the Hamiltonian for a related quantum mechanical
anharmonic oscillator. Making the canonical transformation

p = A8, x = AT18%
we have

H(ps X, m02’ Vs A) %pz + %)‘XG + Vx4 + %mozxz

ARH(P, X, ma?[AY2, p[A34 A = 1) 3.1

I
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which tells us that the energy eigenvalues M, of the anharmonic oscillator
(poles of the Green’s functions for the dissipative problem at w, = iM,) have

the expansion
v \t{m?\7
M, = c{;(w) ()\—1‘;—2) (3.2)

i
For the first excited state of the anharmonic oscillator with » = 0, Hioe
et al.*V have found numerically that

My = A%(1.5692 + 0.20518m,2/AY2 — 0.0032880m,%/X) 3.3

There is no real Hamiltonian associated with most nonlinear driven systems.
However, for actions which only couple nearest neighbors one can write quite
generally

Z = [ TT ) Tues, 1) (3.4

and think of T as the matrix elements of an operator called the transfer matrix.
One can then apply scaling arguments to T to obtain the large-A behavior of
its eigenvalues. In general, dimensional analysis is sufficient to determine the
form of the continuum strong coupling series. To cast Eq. (2.14) into the
form of Eq. (3.2), we introduce the dimensionless parameter

z = rAl% = (2/a)t 3112 3.5
Thus we can replace 2/a by z®AY%. Then,
My = Ny:(2) + (me®/X)ya(2) + (v/A%*)ys(2)] (3.6)
where the y,(z) have the structure
y1(2) = z(a, + a.z* + asz®), vo(2) = z7H(by + boz*),
(3.7)
va(2) = c1 + cpz*

for the case where we keep only three terms in the strong coupling expansion.
Here a;, b;, ¢; are given constants.

Next we replace each series in Eq. (3.7) by another series agreeing with
it to the same order in z but having a finite limit as the lattice spacing a goes
to zero (z — o). We use

7@ = () - @ = (R

d, + agz* + d,28
vs(2) = ¢ (3.8)
where the g, are simple functions of ;. These new expressions all have finite

extrapolations at z = co. Next we evaluate v,(z) both at infinity and at the
point®® z = [n]*3, where n is the order of perturbation theory and the
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number of lattice points involved in the approximation. This choice amounts
to keeping the spatial extent L of oscillator wave functions finite. Since
L = na, and, for fixed A, z ~ 1/a'3, one wants to keep »n/z® fixed. In the
approximation in which we keep just three terms in the lattice expansion we
obtain, evaluating Eq. (3.8) at z = oo,

vy = 1.61394, v, = 0.19972, vs = 0.40177 3.9
whereas at z = 3'/2 we obtain
y: = 1.53419, y2 = 0.20353, ys = 0.40177 (3.10)

Using the MIT MACSYMA MATHLAB system, we have been able to
extend this calculation to five terms in the lattice expansion to obtain a series
of the form

My = X2[y(2) + y2(2)me®AY2) + yo(2)(] A7) + ya(2)(me®/AT2)?
+ ys(2)(mo™[X°%) + ys(2)(mo°[3)
+ ya(@Dmov[X%%) + v5(2)(2[A¥2)] G.1D)

In Table I we present the result of a Padé extrapolation of y,(z) evaluated
in each order at z = co and z = n'/®. We notice that the Padé’s converge
quite well to the first two terms in Hioe ef al.’s numerical series, but converge
to a different answer for the third term and give many more terms in the
strong coupling series for both quartic and sextic anharmonicities.

Our best result for My, is

My = 2V%(1.58982 + 0.20477mg2/AY2 + 0.50772:/A3% — 0.01202m,%/A
— 0.03871mo%/A%2 — 1.068 x 10~ %4m,5/A%2
+ 0.0045my%v[A%2 — 0.125502/232] (3.12)
The stochastic problem of interest here is related to the anharmonic
oscillator with A = | and my? = —3 + »% Thus m,?/AY'2, for small v, is of
order —3 and is not small. Thus we should really extrapolate from m,2/A12
small to — 3. Since we have only three terms in the series in (m,%/A1%)", we

will instead just evaluate Eq. (3.12) at m,? = —3 + v? and A = 1. Keeping
terms up to v? (recall v = R™1!), we obtain

My ~ 0.87021 + 0.66385v + 0.15404»2 (3.13)
To this order we obtain for the two-point correlation function
Wolw?] = (o® + MpH ™! (.14
where M2 is given by Eq. (3.13).
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From Egs. (3.13) and (3.14) we can evaluate the equal-time correlation
function

W) = W) = [ Wil dofor (3.15)

At this level of approximation we obtain
@ = 1/(2My) = 0.57457 — 0.43578v + 0.2288+2 (3.16)

The exact answer to this order in »? is obtained by expanding Eq. (1.19) and
using Eq. (1.21). Numerically one obtains

P2y = 0.477988586 — 0.27152692v + 0.10920»2 3.17)

We see that we obtain reasonable agreement with the first coefficient but
worse agreement with the higher coefficients. This is because we have fewer
approximants to the higher terms in the lattice calculation and also because
we are evaluating a series in m,?/AY2 at —3, which is quite large. More
sophisticated extrapolation techniques would probably improve the agree-
ment.

4, CONCLUSIONS

We have shown that by expanding the path integral about the highest
order polynomial in the action (here Ax®) we obtain a strong coupling (large-A)
expansion for the continuum Green’s functions described by the action of
Eq. (2.5).

We were able to predict the position of the pole in the two-point function
quite accurately as a power series in m,2/AY2 and v/A%*, The classical randomly
driven oscillator, however, is a special case of the quantum problem with
A =1 and my? = —3 + »2 The series (3.11) was not converging rapidly at
my?/AY2 = —3 and thus we only achieved modest agreement with the exact
large-Reynolds-number expansion of the equal-time correlation function.

We hope that some variant of this technique will be useful in studying
the Navier—Stokes equation with random stirring forces at large Reynolds
number.
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